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' Abstract. The purpose of this paper is to investigate the large inductive dimension of 

. the remainder of the Smirnov compactification of M" with the usual metric, and give an 

^SJ ' application of it. 

< 

(N 



1. Introduction 



. We follow the notation and terminology of [3j and |0] . We say that two compactifications 

^ ' aX and 7X of a space X are equivalent provided that there exists a homeomorphism 
/ : aX — > 7X such that /|x is the identity map on X, and we denote this by writing 
^ ■ aX ^ 7X. As usual, X = Y means that X is homeomorphic to Y. Let F be a subspace 
c3 ! of a metric space {X,d). We denote by (i|y the subspace metric on Y induced by d. A 
metric d on X is said to be proper if for every r > 0, C\x Br{x,d) is compact, where 
Br{x, d) = {y E X : d{x, y) < r}. We use M, Q, Z and N for the reals, the rationals, the 
integers, and the natural numbers. We write J and I for [0, 00) and [0, 1]. 
^ ! By C*(X), we denote the Banach algebra of all bounded real- valued continuous func- 

^ \ tions on a space X with the sup-norm. It is well-known that there is a one-to-one corre- 

ct ■ spondence between the compactifications of a space X and the closed subrings of C*{X) 
^ . containing the constants and generating the topology of X. Let U*^{X) be the set of all 
^ ! bounded uniformly continuous functions of a metric space (X, d). Then we note that 

\ U^{X) is a closed subring of C*{X). The Smirnov compactification u^X of a metric space 
O ■ (X, d) is the unique compactification associated with the closed subring U^{X) of C*(X) 

and is metric-dependent. Now, we recall the construction of the Smirnov compactifica- 
^ \ tions: Let e : X ^ Y\f^u*{x)h evaluation map associated with ?7^(X), where 

// = [inf/(X), sup/(X)] CM. Recall that, identifying X with e(X), the closure Cl(e(X)) 
i'^ n/G!7*(x) h ^"^^ Smirnov compactification UdX are equivalent. See [6] and [9] for 
more details. Here, recall the following fact concerning the Smirnov compactifications. 

Proposition 1.1. [HI Theorem 2.5] Let X he a noncompact metric space with a metric 
d. Then the following conditions are equivalent: 

(1) A compactification aX of X is equivalent to UdX , 

(2) For disjoint closed sets A,B (Z X, CX^x AnCXax B = % if and only ifd{A, B) > 0. 

The aim of this paper is to investigate the large inductive dimension of the remainder 
of the Smirnov compactification. The following result is well-known as Smirnov's theorem 
(See [7] or P, p. 256]): dimu^^XxX = dim°°(X, d) holds for each noncompact metric space 
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{X,d), where dim°°{X,d) is the boundary dimension of {X,d). Notice that Smirnov's 
theorem does not explain the large inductive dimension of u^XxX. As usual, if d is proper, 
then UdX\X contains a copy of N* that is the Stone-Cech remainder of M. Thus, we don't 
know whether dimUdX \X = lndudX\X or dimUdX \X < Indw^XxX. In section 2, 
we calculate the large inductive dimension IndMd„M"\M" of the remainder of the Smirnov 
compactification of M" with the usual metric dn, and we show that IndUf^^M" \R" = n 
for each n G N. Furthermore, for any noncompact locally compact connected separable 
metrizable space X, we show that for each n G N, there exists a compatible proper metric 
dn on X such that dimUd„X\X = indud„X\X = Indw^^XxX = n. In section 3, for any 
noncompact locally compact separable metrizable space X, we show that there exists a 
totally bounded metric dn on X such that dim Ud^X^-X^ = ind Ud„X\X = Ind Ud^X^-X^ = n 
for each n G Z with n > 0, and give an approximation to the Stone-Cech compactification. 

2. The Smirnov remainder generated by a proper metric 

Let X be a topological space and A,B a pair of disjoint subsets of X. We say that a 
closed set L C X is a partition between A and B if there exist open sets U, V (Z X such 
that A C U, B C V, U nV = ^, and X\L = U UV. Recall that a normal space X 
satisfies the inequality IndX < n{> 0) if and only if for every pair A, B of disjoint closed 
subsets of X there exists a partition L between A and B such that IndL < n — 1. 

Let (X, d) and {Y, p) be metric spaces. A bijection / : X — > y is called a uniform 
isomorphism if both / and are uniformly continuous. In this case we say that the 
metric spaces (X, d) and (F, p) are uniformly equivalent. 

Lemma 2.1. Let {X,d) and {Y, p) be noncompact metric spaces and f : Y ^ X a 
uniform closed embedding {i.e., f : Y f{Y) is a uniform isomorphism and f(Y) is 
closed) . Then the following statements hold: 

(1) UpY\Y is embedded in UdX\X. 

(2) Let {Yi,di) be a compact metric space and (12,(^2) « noncompact metric space. If 
Y is uniformly equivalent to {Yi x Y2,di + ^2), then Yi is embedded in n^XxX. 

Proof. (1) It follows immediately by [9], Theorem 2.9 and 2.10]. 

(2) It follows from (1) that UpY^Y is embedded in m^XxX. Since Yi is a compact 
metric space and Y is uniformly equivalent to x I2, by [9l Theorem 2.10 and 3.6], 
UpY = Yi X M(i2^2- Thus, UpY \Y = Yi x {ud2Y2\Y2), and then Yi is embedded in 
UdX^X. □ 

Let n, m G N and G Z with n > k > 0. Denote subspaces ZJ! and Z^'^ of as 
follows: 

= {(xi,X2,...,x„) G M" : \{i : Xi e Z}\ > n - k} and 
Z^'™ = {{xi,X2,...,Xn) G M" : \{i : mXi e Z}\ > n - k}. 

Lemma 2.2. For each n,m and each A; G Z with n > k > 0, we have the following 
facts: 

(1) ZJ^ is k- dimensional. 
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(2) and Z^'"^ are uniformly equivalent. 

Proof. (1) In fact, since = Z" and Z'^ = M", the cases that either k = ot k = n 
is true. Suppose that neither k = nor k = n. Here, we denote by [X]'^ the set of all 
subsets of X with the cardinality k. Observe that 

u n^^^n^- 

J'e[{i,...,n}]"-'= iel i0 

where Zj = Z and Mj = M for i = 1,2, ... ,n. This indicates that is the union of 
countable subspaces each of which are homeomorphic to M'^. Then by [U Theorem 3.1.8] 
dimZ^ < k. On the other hand, since M'^ is closed embedded in Z^, dimZ^ = k. 

(2) Define / : Z^'"^ ZJ^ by /(x) = mx for each x G Z^'™'. Clearly, since / is a uniform 
isomorphism, ZJ^ and Z^'"^ are uniformly equivalent. □ 

We are now ready to present our main result. 

Theorem 2.3. Suppose that n G N, k & 7j and n > k > 0. If d is the metric on ZJ^ 
induced by the usual metric on W^, then Indw^Z^xZ^ = k. 

Proof We may assume that d{{xi, Xa, . . . , {yi, y2, ■ ■ ■ , yn)) = Er=i 1^* ~ Vil (^f-^ P 
p.47]). Since Zq is 1-discrete for each n E N, UdZ^ k, (3Zq which is the Stone-Cech 
compactification of Zq (cf. [9l Theorem 3.4]). Then IndM^Zp \Zq = (cf. [3], Theorem 
7.1.11 and 7.1.17]). Fix an n G N with n> k. Suppose that IndudZ^^Z^ = i for each i 
with < z < A; — 1. We only need to show that Ind u^^Z^xZ^ = k. 
Let 

Y, = [0, 1]"-' X [2j, 2j + 1] X {(0^0^^^)} C Z^ and y = U Y, C Z,". 

n-k 

Since [0, l]'^' x N and Y are uniformly equivalent with suitable metrics, by Lemma [2. H we 
see that [0, 1]*^ is embedded in m^Z^xZ^, thus, Ind m^Z^xZ^ > by [H Theorem 2.2.1]. 

Let A and B be disjoint closed subsets in m^Z^ \ Z^. We show that there exists a 
partition L' between A and B with IndL' < k — 1. 

Since uaZJ^ is normal, there exist open subsets U and V of u^ZJ^ such that A C U, 
B C V, and Cl^.^n U n Cl^.^n y = 0. By Proposition [TH 5 = d{Z^ n Cl^^z^ U, Z^ n 
Clji^z" ^) > 0. Choose an m G N with 5n/m < e. Let A = {Cl^i C : C is a component 
of zi^Z^^r^}, = [J{D G A : D n C\u,z- U ^ d)}. Wo = [J{b e A : D n 0}, 
Wi = C\z^{Zl!\Wo), and L = WonWi. Note that L = Fr z^Wq = Ftz^Wi is contained 

Zn,m 
k-1- 

Fact. Cl„,z," L = C\u,z- Wo n Cl„,z," Wi. 

Note that Clu^^z" L C Cl„^^i VFoHClu^^n always holds. Suppose that we have a point 
X G C\u,z- Wo n Ci^z," VTixCL^z," L. Since Z," n Cl^^z," L = Z^ n Cl^^z- Wo n Cl^^^n W,, 
X G UdZJ!\ZJ!. Since u^Z^ is normal, there exists a closed neighborhood 5 C u^ZJ^ such 
that a; G 5 and S* n Cl„^z," ^ = 0- By Proposition O, c?(W^o n S,Win S) = because 
Clu^z^^iWo n S) n ClujZj^iWi n S") 7^ 0. Thus, there exist sequences Xi^, Xi^i, . . . ^ Wi H S 
for i = 0,1 such that limfe^oo d{xo,k, Xi,k) = 0. We may assume that Xi^, Xi^i, ... ^ L for 
i = 0,1. Then there exists an arc Pk joining xo,fc and Xi^k in ZJ^ with limfc_>oo diamP^ = 0. 
Since L = Fizj^Wo = Fizj^Wi, we can take an element y^ ^ L Ci Pk for each k E N. 
Since limfc^oo c?(a;o,fc, 2/fc) = ^i^k^ood{xi^k,yk) = 0, (i(Wo n 5, L) = d{Wi nS,L) = 0. By 
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Proposition II ■![ we have Clu^^zj^iWi fl S*) fl Clu^zj^ L 7^ for z = 0, 1. This contradicts the 
fact that 5" fl Glu^z-^ L = as claimed. 

Then, it suffices to show that L' = CXu^z" LxL is a partition between A and B. Let 
= UdZl^Clu.z- Wi, Wl = UdZl^Clu.z- and = W*^Z^ for t = 0,1. Notice 

that 

UdZ;^-^C\u,z- L = UdZj:^{C\u,z- Wo n Cl^.z- Wi) 

= {u.Z^^CI^^zj: Wo) U {udZ^^Cl^^z^ W,) 

= w* u w*. 

This shows that {u^ZJ^ \ ZJ!) \ L' = Xo U Xi, and then we only need to show that 
A C Xo and B C Xi. Notice that d{Z^ n C\u^z^^U,Wi) > 1/m. By Proposition [TH 
Clu^z]} U n CL^z^ Wi = 0, and then A C Xq. We show that d{Wo, Z^ n Cl„^zn V) > 
2n/m. Suppose that d{Wo, Zl n Cl„,z[? V) < 2n/m. Since Wo C B^n/m{Zl n C\uJ^ U, d), 
d{ZJ^ n Cluj^zj; U, ZJ! fl Cl„^^^ l^) < bn/m. By the definition of e, this is a contradiction. 
So, by Proposition O, CL^z^ ^ n Cl^,^z," Wq = 0, and then B C Xi. 

Now, since L C -^^l"^, by Lemma l2.ll L' is embedded in UdZ^^\ Z^^. Since 2'^^ 
and are uniformly equivalent, by [U Theorem 2.2.1], IndL' < Ind m^Z^;^ \ Z^;^ = 
IndMrfZ^_i\Z^_i = k-1. By Proposition 1.6.2], Indn^Z^xZ^ < A; for each n eN 
and each k E 1^ with > A; > 0. □ 



Corollary 2.4. Let n G N and c? t/ie usual metric on X = W^ or J". T/ien indw^^XxX = 
Indn^XxX = dimu^XxX = n. 

Proof. By Lemma [2?T] (1). m^XxX is embedded in UdZ^^^Zl^. Thus, by [H Theorem 1.6.3, 

2.2.1 and 3.1.28] and Theorem [231 

maxjind UrfXxX, dim UrfXxX} < IndUf^XxX < Indn^^Z^xZ^ = n. 

Let Yfc = I""^ X [2k, 2k + 1] and F = Ufc>i ^k- Since F and I*^ x N are uniformly equivalent 
with suitable metrics, by Lemma [2.11 (2), I" is embedded in u^XxX. By [H Theorem 

1.1.2 and 3.1.3], 

n < min{indurfX\X, dimu^XxX} < Indu^XxX. 
Thus, indwrfXxX = Indw^XxX = dimw^XxX = n. □ 

As an application of Corollary 12.41 we show that for any n e N and any noncompact, 
locally compact, connected, separable metrizable space X there exists a proper metric dn 
on X such that dimw^^XxX = indMd„X\X = lndud„X \X = n. 

Lemma 2.5. Let (X, d) and (Y, p) be noncompact, connected, proper metric spaces. If 
there exists a perfect map p : J — > F such that Mp|py)P(J)\p(J) — UpY\Y , then there exists 
a proper metric dx compatible with the topology on X such that -u^^^XxX = UpY\,Y . 

Proof. Fix an Xo G X. Define / : X — > J by /(x) = d{x,Xo) for each x G X. Since 
d is proper, / is a perfect onto map. Then g = pof: X^Yisa. perfect map. Let 
uX be the one-point compactification of X and let ujX = X U {poo} as a set. Define 
G : X ^ ujX X y by G{x) = (x, g{x)) for each x G X. 
Fact 1. G : X ^ ujX x F is a closed embedding. 
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It suffices to show that G is closed. Let A be a closed subset of X. Suppose the 
contrary that Cl^xxY G{A)\G{A) ^ 0. Take a point {x,y) e CI^xxy G{A)\G{A). We 
may assume that x = poo- There exists a sequence {{xn, g{xn))}nm C G{A) such that 
Xn Poo and g{xn) ^ y if n ^ oo. Since lim^^oo /(^^n) = oo, we may assume that 
f{xn) > max{n, /(xi), . . . , for each n E N. By a-compactness of Y, there exists 

a compact cover {Kn}nm of Y such that Bi{Kn,p) C Inty i^n+i for each n G N. Here, 
there exists an iV e M such that y G K]\r. Since g is a. perfect map, g{{xn}nef^)^Kn 7^ 
for each n G N, and then limn-,00 p{g{xn),y) = 00. This is a contradiction, as claimed. 

Let di^x be a metric on uX, and let a{{x,y), {x',y')) = d^^xi^.x') + p{y,y') for each 
{x,y), {x' ,y') G uX x F. Put dx{x,x') = a{{x, g{x)), {x' , g{x'))) for each x,x' G X. 
Since a is a proper metric on uX x F, by Fact 1, dx is a. proper metric compatible with 
the topology on X. Moreover, we note that {X,dx) and {G{X),a\c{x)) are uniformly 
equivalent. Thus, by P Theorem 2.9 and 2.10], u^^X^X ^ C\u,^^xxY)G{X)\G{X). 

Fact 2. (1) lim„^ooSup{(T(2;,G'(X)) : z G {poo} x p(J)\cjX x Kn} = 0. 
(2) lim„^oosup{cr(z, {poc} X p(J)) : z G G'(X)\u;X x A:„} = 0. 

Notice that for each n E N there exists an G N such that g{X \Bi/n{poo,du}x)) 
C -ft'^„ and Ki^ C -fC^^ whenever n < m. Now, we show (1). Fix an n G N and take a 
point z = (Poo,p(i)) ^ X with m > £„. Then gf (X \ (p^o , c^^^x)) C i^'£„ C -fCm- 
Since p{t) ^ Kra, p{t) ^ g{X \Bi/n{Poo, d^x)), and then p{t) G g{Bi/n{Poo,d^x)~^{Poo})- 
As / is surjective, there exists an x G Bi/n{poo, d^jx) ^{Poo} such that p(t) = p{f{x)) = 
g{x) G g{Biin{poo,d^x)-\{Poc])- Since G G'(X), 

(7(2;, < cr(2;, {x,g{x))) = a{{p^,p{t)), = d^xiPoo,x) < 1/n. 

Then the proof of (1) is complete. To prove (2), take a point z = {x,g{x)) G G'(X) \ 
uX X i^m- We may assume that m > in- Since there exists a t G J such that p{t) = g{x), 

(^{z, {poo} X p(J)) < a{z, {poo,p(t))) = a{{x,p{t)), {poo,p(t))) = d^x{x,Poo) < 

Then the proof of (2) is complete. 

By P Theorem 2.9 and 2.10], Fact 2 and P Theorem 4.2], 

u,,X^X= CL^(^xxy)G'(X)\G(X) 

= C\u^(^u>XxY){{Poo} X p(J))\({Poo} X p(J)) 

- "-l{Poo}xp(J)({Poo} X p(J))\({Poo} X p(J)) 

- '"plpa)^'(J) 

Then the proof is complete. □ 

Question 2.6. Let {X,p) be a connected proper metric space such that UpX^X is con- 
nected. Does there exist a compatible metric d on S such that m^JxI = UpX^X? 

A metrizable space is said to be a continuum provided that it is compact and connected. 
A space is said to be a Peano continuum provided that it is a locally connected continuum. 

Theorem 2.7. Let X be a noncompact, locally compact, connected, separable metrizable 
space. Then for any ?i G N there exists a proper metric dn compatible with the topology 
on X such that dimw^^XxX = indw^^XxX = Ind-u^^^XxX = n. 
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Proof. By Corollary 12 .41 and Lemma [2751 we only need to construct a perfect map p : J ^ J" 
such that ^ipipy)P(J) \J'(J) — UpJ"\J", where p is the usual metric on J*^. 

Let Ki = [0,i]" and Di = i^j \Intjn for each i G N, where Kq = {0}. Choose 
ii G Frjn Ki for each i G N. There exists a surjective continuous map pi : [i — —>■ Di 
such that Pi{i — 1) = ii and Pi{i) = ii+i because Di is a Peano continuum. Define 
p : J ^ J" by j9 = IJi^i^j- Note that p is well-defined, and is a perfect map. By P, 
Theorem 2.9, 2.10 and 4.2], Mpi^y^pU) \p(J) = WpFxJ", as claimed. □ 

3. SmIRNOV REMAINDER GENERATED BY A TOTALLY BOUNDED METRIC 

A metric c? on X is said to be totally bounded provided that {X, d) is a totally bounded 
metric space. In this section, we consider totally bounded metric spaces, and provide a 
counterpart of Theorem 12.71 and an approximation of the Stone-Cech compactification. 

Proposition 3.1. Let X be a noncompact, locally compact, separable metrizable space. 
Then there exists a totally bounded metric d^ compatible with the topology on X such that 
dimUd^X \X = mdud„X \X = lndud„X \X = n for each n G Z with n > 0. 

Proof. In the case that n = is clear. By Aarts and Van Emde Boas' result (cf. [1] and 
[5]), for any n G N there exists a compactification aX of X such that aX\X = I". 
Note that aX is metrizable because aX has countable network weight. Then, let p be a 
suitable metric on aX and let (i„ = p\x- By Proposition 11.11 ~ "^dn^i as claimed. □ 

A compact Hausdorff space is a weak Peano space if it contains a dense, continuous 
image of the real line M. Note that every weak Peano space is not necessarily metrizable. 
For example, the Stone-Cech compactification /3M is a nonmetrizable weak Peano space. 

Here, we show the following lemma which is an elaborate version for the locally compact 
separable metrizable spaces concerning Theorem 3 in [2]. 

Lemma 3.2. Let X be a noncompact, locally compact, separable metrizable space and 
K a nondegenerate metrizable weak Peano space. Let A and B be disjoint noncompact 
closed subsets of X . If there exists a closed copy N of N in X with N (1 {AU B) = 0, 
then there exists a totally bounded metric d compatible with the topology on X such that 
UdX^X ^ K and Cl^^x A n Cl„,x B = (D. 

Proof. Take points p,q ^ K with p ^ q. Let Up and Uq be neighborhoods of p and q 
respectively such that Cli^- Up fl Cl^^: Uq = 0. Since is a weak Peano space, there exists 
a continuous map f : M. ^ K such that /(M) is dense in K. Take points G f~^{Up) fl Q 
and rg G f~^{Uq) fl Q. Here, enumerate Q and N as {g„ : n G N} and {x^ : n G N}, 
respectively. Define : N U AU B ^ Q^hy 



Then there exists a continuous extension ip : X —^M. such that ip\NyjAyjB = 'P- Put g = f o 
ip. Define e : X ^ uoX xKhy e{x) = (x, g{x)) for each x G X. Clearly, e is an embedding, 
and aX = CI^^xxk e(X) is a compactification of X with as a remainder. Let d^^x and dx 




if X e A, 
if X e B, 

if — 
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be metrics compatible with the topology on ooX and K, respectively. Here, define a metric 
s on uX X K hj s((x, u), {y, v)) = d^x{x, y) + dx^u, v) for each (x, u), (y, v) G ojX x i^'. 
Now, let (i be a metric on X induced by s, i.e., d{x,y) = s{{x, g{x)), {y,g{y))) for each 
x,y E X. Clearly, d is totally bounded. By Proposition 11.11 aX ^ UdX. Furthermore, 
since C^x e{A)nClax e{B) C {uX x Cl;^ Up) n (wX x Cl^ Ug) = 0, Clu.x ^nCl^.x 5 = 
by O Theorem 3.5.5]. □ 

Let TBM(X) be the set of all compatible totally bounded metrics on X. Here, we have 
the following approximation to the Stone-Cech compactification. 

Proposition 3.3. Let X be a noncompact, locally compact, separable metrizable space. 
Then we have the following approximation to the Stone-Cech compactification of X for 
each n G N: 

I3X ^ sup{MpX : dimUpX-^X = indwpXxX = IndWpXxX = n and p E TBM(X)}. 

Proof. Since X is locally compact separable metrizable, there exists a proper metric d 
compatible with the topology on X (cf. O Lemma 3.1]). Let A and B be disjoint closed 
subsets of X. We may assume that neither A nor B is compact. Then we can take a closed 
copy N = {xn : G N} of N in A such that {Bi/2{xn, d) : n eN} is discrete in X because 
A is not compact. Put Aq = A\\J^^^Bi/2{x2n-i,d) and Ai = A\\J^^^Bi/2{x2n,d). 
Since {Ao,B} and {Ai,B} are two pairs of disjoint closed subsets of X and both Nq = 
{x2n : n eN} and Ni = {x2n-i : n eN} are closed copies of N, we can apply Lemma [3^2] 
to {Aj, B}, Nj and I" for i,j = 0, 1 with i ^ j. Fix an n G N. Then there exists a totally 
bounded metric di on X compatible with the topology on X such that u^^X^X = I" 
and Clu^ _ x Ai fl Cl^^ xB = for i = 0,1. Then put 'jX = suplw^gX, m^^X}. Since 
Clu^^x A n C^x = for z = 0, 1, Cl^x A n Cl^x 5 = 0. Define 

5X = snp{upX : UpX\X = V and p E TBM(X)}. 

Since 6X > 7X, Cl^x A fl Clsx -B = for each disjoint closed subsets A, B of X. This 
is a characterization of the Stone-Cech compactification of the normal spaces, and then 
6X ^ f3X, as claimed. □ 
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